Abstract. We study the following question: Let pX, gq be a compact Gauduchon surface, E be a differentiable rank r vector bundle on X and D be a fixed holomorphic structure on D :" detpEq. Does the complex space structure on M ASD a pEq˚induced by the Kobayashi-Hitchin correspondence extend to a complex space structure on the Donaldson compactification M ASD a pEq? Our results answer this question in detail for the moduli spaces of SUp2q-instantons with c 2 " 1 on general (possibly unknown) class VII surfaces.
1. Introduction 1.1. The moduli problem for vector bundles on compact complex manifolds. An old, classical problem in complex geometry concerns the classification of the holomorphic structures on a fixed differentiable vector bundle on a complex manifold, up to isomorphism. The moduli problem for holomorphic vector bundles is devoted to studying the corresponding set of isomorphism classes and the geometric structures (topologies, complex space structures, Hermitian metrics, etc) one can naturally put on this set. More precisely, let X be a compact complex manifold of dimension n and E be a differentiable vector bundle of rank r on X. A semi-connection on E is a first order operator δ : A 0 pEq Ñ A 0,1 pEq satisfying theB-Leibniz rule: δpf sq "Bf s`f δpsq for any f P C 8 pX, Cq and s P A 0 pEq. The natural de Rham-type extension A 0,p pEq Ñ A 0,p`1 pEq will be denoted by the same symbol. A semi-connection δ is called integrable if F δ " 0, where F δ P A 0,2 pEndpEqq is the endomorphism-valued p0, 2q-form defined by the composition δ˝δ : A 0 pEq Ñ A 0,2 pEq. Denote by HolpEq the set of holomorphic structures on E, and by A 0,1 pEq (A 0,1 pEq int ) the space of (integrable) semi-connections on E. The NewlanderNirenberg theorem gives a bijection A 0,1 pEq int Ñ HolpEq. We will denote by E δ the holomorphic structure on E associated with an integrable semi-connection δ. For an open set U Ă X the space E δ pU q of holomorphic sections of E δ U coincides with the kernel of the first order operator δ U : A 0 pU, Eq Ñ A 0,1 pU, Eq. Using this bijection and the natural C 8 -topology on A 0,1 pEq int we obtain a natural topology on the space HolpEq of holomorphic structures on E. The moduli space of holomorphic structures on E is the topological space obtained as the quotient
HolpEq L
AutpEq " A 0,1 pEq intL AutpEq of HolpEq by the group AutpEq :" ΓpX, GLpEqq of differentiable automorphisms of E, which acts naturally on this space. Since GLprq (the structure group of a vector bundle) is not a simple group, one considers a natural refinement of our moduli problem, which has a simple "symmetry group". Let D be a holomorphic structure on the determinant line bundle D :" detpEq, and λ P A 0,1 pDq int be the corresponding integrable semiconnection. A D-oriented holomorphic structure on E is a holomorphic structure E on E with detpEq " D.
We recall that an SLpr, Cq-vector bundle on X is a rank r vector bundle E endowed with a trivialization of its determinant line bundle. Therefore, in this case, D comes with a tautological trivial holomorphic structure Θ; an SLpr, Cqholomorphic structure on E is just a Θ-oriented holomorphic structure in E in our sense. This shows that classifying D-oriented holomorphic structures on a fixed differentiable vector bundle gives the natural generalization of the classification problem for SLpr, Cq-holomorphic structures on an SLpr, Cq-vector bundle.
The set Hol D pEq of D-oriented holomorphic structures on E can be identified with the subspace A 0,1 λ pEq int Ă A 0,1 pEq int defined by the condition detpδq " λ. The gauge group G C E :" ΓpX, SLpEqq acts naturally on this subspace. We will focus on the moduli space of D-oriented holomorphic structures on E, which, by definition, is the quotient space
In general this quotient is highly non-Hausdorff and cannot be endowed with a natural complex space structure. It can be identified with the topological space associated with a holomorphic stack, but up till now it is not clear if, in our nonalgebraic complex geometric framework, this approach leads to effective new results.
On the other hand the classical point of view (studying moduli spaces whose points correspond to equivalence classes of holomorphic structures) has been used with effective results, for instance in making progress towards the classification of class VII surfaces [Te2] , [Te4] . We recall that a holomorphic structure E on E is called simple if H 0 pEndpEqq " Cid E . In contrast with M D pEq, the moduli space M si D pEq of simple D-oriented holomorphic structures has a natural, in general non-Hausdorff, complex space structure. This structure can be obtained in two different ways, which, a posteriori turn out to be equivalent. The first approach [FK] uses classical deformation theory. The second [LO] uses complex gauge theory. The equivalence of the two points of view has been established by Miyajima [Miy] .
As in algebraic geometry, in order to define Hausdorff moduli spaces of holomorphic structures, one needs a stability condition, which depends on the choice of an additional structure on X. Whereas in algebraic geometry this additional structure is a polarisation on X (i.e. the choice of an ample line bundle on X), in our general complex geometric framework we need a Gauduchon metric on X, i.e. a Hermitian metric g on X whose associated p1, 1q-form ω g satisfies the Gauduchon condition dd c pω n´1 g q " 0 [Gau] . Such a metric defines a Lie group morphism deg g : PicpXq Ñ R, deg g pLq " , where c 1 pL, hq denotes the Chern form of the Chern connection associated with a Hermitian metric h on L. Using this degree map one can introduce a slope stability condition in the same way as in the algebraic framework: For a coherent sheaf F on X we put deg g pFq :" deg g pdetpFqq. A non-zero torsion-free sheaf F on X is called (semi-)stable (with respect to g) if for every subsheaf H Ă F with 0 ă rkpHq ă rkpFq one has deg g pHq rkpHq ă deg g pFq rkpFq respectively deg g pHq rkpHq ď deg g pFq rkpFq .
F is called polystable (with respect to g) if it splits as a direct sum F " ' k i"1 F i of non-zero stable subsheaves F i such that By choosing a Hermitian metric h on E, M pst D pEq can be identified with the moduli space of projectively Hermitian-Einstein connections on E, defined as follows. Denote by ApEq the space of Hermitian connections on pE, hq. For a fixed Hermitian connection a on the Hermitian line bundle pD, detphqq we put A a pEq :" tA P ApEq| detpAq " au.
An element of A a pEq will be called an a-oriented connection on pE, hq. We define the space and the moduli space of projectively Hermitian-Einstein a-oriented connections on pE, hq by pEq of projectively ASD, a-oriented connections on pE, hq.
The Kobayashi-Hitchin correspondence [Bu1] , [LT] , [LY] generalising Donaldson's fundamental work [D1] states that Theorem (The Kobayashi-Hitchin correspondence). Let D be a fixed holomorphic structure on D " detpEq and let a be the Chern connection of the pair pD, detphqq. Remark 1.1. In the special case when E is an SLpr, Cq-bundle we can choose h such that the distinguished trivialisation of detpEq is unitary. With this choice pE, hq becomes an SUprq-vector bundle, a coincides with the trivial connection associated with this trivialisation, A a pEq is the space of SUprq-connections on pE, hq, and M HE a pEq is the moduli space of Hermitian-Einstein SUprq-connections on pE, hq. In the case of an SLpr, Cq-bundle E (or of an SUprq-bundle pE, hq) we will omit the subscripts D, a in our notation, hence we will write M pst pEq, M st pEq for the moduli spaces of polystable (stable) SLpr, Cq-structures on E, and M HE pEq, M HE pEq˚for the moduli spaces of (irreducible) Hermitian-Einstein SUprq-connections on pE, hq.
The Kobayashi-Hitchin correspondence has important consequences: using standard gauge-theoretical techniques one can prove that the quotient topology of M HE a pEq is Hausdorff. The point is that, for this moduli space, the gauge group G E is the group of sections of a locally trivial bundle with compact standard fibre. Therefore M The explicit examples described in [Te2] , [Te4] and the general results proved in [Te5] show that in general the answer is negative. For instance, for a class VII surface X with b 2 pXq " 1, a bundle E with c 2 pEq " 0, c 1 pEq " c 1 pK X q and a suitable Gauduchon metric g on X, the moduli space M pEq. Therefore, in the case n " 2, one can ask a more precise version of Question 1:
Question 2. Let pX, gq be a compact Gauduchon surface, E be a differentiable rank r vector bundle on X and D be a fixed holomorphic structure on D :" detpEq. Does the complex space structure on M ASD a pEq˚induced by the Kobayashi-Hitchin correspondence extend to a complex space structure on the Donaldson compactification M ASD a
pEq?
As the examples above show, in our general (possibly non-Kählerian) framework both questions have negative answer. Indeed, in our examples the space M ASD a pEq is already compact, and admits no complex space structure at all.
On the other hand we believe that both questions have positive answer when pX, gq is Kähler. In other words Conjecture 1. Let pX, gq be a compact Kähler manifold, E be a differentiable rank r vector bundle on X and D be a fixed holomorphic structure on D :" detpEq. Then the natural complex space structure of M This conjecture is known to hold in the projective algebraic framework (when ω g is the Chern form of an ample line bundle H on X) for SLp2, Cq-bundles. In this case, for n " 2 one proves [Li] that M ASD a pEq can be identified with the image in a projective space of a regular map defined on a Zariski closed subset of the Gieseker moduli space associated with the data c 1 " 0, c 2 " c 2 pEq, r " 2. This Gieseker moduli space is a projective variety. Taking into account Li's result, and the fact that any compact Kähler surface admits arbitrary small deformations which are projective ([Kod1] , [Bu3] , [Bu4] ), Conjecture 1 becomes very natural. The recent results of [GT] concern the higher dimensional projective case, and give further evidence for this conjecture.
In this article we will study in detail Question 2 in an interesting special case: the moduli space of SLp2, Cq-structures on an SLp2, Cq-bundle E with c 2 pEq " 1 on a class VII surface X. One has
where R Ă M ASD pEq is the subspace of reducible SUp2q-instantons with c 2 " 1, and M 0 (M0 , R 0 ) stands for the moduli space of flat, respectively flat irreducible, flat reducible, SUp2q-instantons. The last three terms in the decomposition (1) are compact. Therefore in our case, Question 2 reduces to a set of three more specific questions:
Does the complex space structure of
The factor R 0 of the third summand in 1 can be further decomposed as a disjoint union as follows. Denote by CpXq the group of characters HompH 1 pX, Zq, S 1 q. One has a natural identification
where j is the involution induced by the conjugation S 1 Ñ S 1 . The group CpXq fits into the following commutative diagram with exact rows:
The central vertical monomorphism maps a character χ P CpXq to the isomorphy class of the associated holomorphic Hermitian line bundle L χ , and identifies CpXq with kerpdeg g Pic T pXq q, which is independent of the Gauduchon metric g. More precisely the congruence class C c pXq P CpXq{C 0 pXq associated with a torsion class c P TorspH 2 pX, Zqq is identified with the vanishing circle of deg g on the congruence
class Pic c pXq P PicpXq{Pic 0 pXq. The involution j : CpXq Ñ CpXq maps C c pXq diffeomorphically onto C´cpXq, in particular leaves invariant any circle C c pXq associated with a class c belonging to the Z 2 -vector space Tors 2 pH 2 pX, Zqq :" ker`H 2 pX, Zq 2Ñ H 2 pX, Zq˘.
Let µ 2 be the multiplicative group t˘1u. For c P Tors 2 pH 2 pX, Zqq the set ρ c pXq of fixed points of the induced involution C c pXq j ć Ñ C c pXq is a µ 2 -torsor (in particular has two points), and the quotient
is a segment. More precisely, the choice of a fixed point l P ρ c pXq gives a homeomorphism
z Þ Ñz » r´1, 1s. Let TpXq be the quotient of TorspH 2 pX, Zqq by the involution c Þ Ñ´c, and denote by T 0 pXq, T 1 pXq the subsets of TpXq which correspond respectively to Tors 2 pH 2 pX, Zqq and TorspH 2 pX, ZqqzTors 2 pH 2 pX, Zqq. For a class c " rcs P TpXq denote by C c pXq the quotient of C c pXq Y C´cpXq by the involution induced by j on this union. Note that for c " tcu P T 0 pXq one has C c pXq " C c pXq whereas, for c P T 1 pXq, the choice of a representative c P c gives an identification C c pXq » C c pXq. Therefore the space R 0 of reducible flat instantons on X decomposes as a finite disjoint union of segments and circles:
The set of all vertices appearing in the first term of (2) can be identified with the set of fixed points of j, which coincides with
and has an important gauge theoretical interpretation: it corresponds to the moduli space of reducible flat SUp2q-instantons with non-abelian stabiliser SUp2q. All other points of R 0 correspond to reducible flat SUp2q-instantons with abelian stabiliser S 1 . Therefore, from a gauge theoretical point of view, the first term in the decomposition (2) (which is always non-empty) is substantially more complex than the second, because a segment C c pXq contains both abelian and non-abelian reductions. Our main result states Theorem 1.2. Let X be a class VII surface, and let E be an SLp2, Cq-bundle on X with c 2 pEq " 1. The complex space structure of M ASD pEq˚" M st pEq extends across R 0ˆX , and M ASD pEq is a smooth complex 4-fold at any reducible virtual point prAs, xq P R 0ˆX .
This result is surprising for two reasons: first, R 0 is a union of segments and circles, which are not complex geometric objects; second, since the vertices of the segments C c pXq (c P T 0 pXq) are isolated non-abelian reductions, one expects essential singularities at these points.
Our second result concerns the extensibility of the complex space structure across M0ˆX: Theorem 1.3. Let X be a class VII surface, and let E be be an SLp2, Cq-bundle on X with c 2 pEq " 1. Then M0 consists of finitely many simple points, and the complex space structure of M ASD pEq˚" M st pEq extends across M0ˆX. For every rAs P M0 the surface trAsuˆX has an open neighbourhood in M ASD pEq which is a normal complex space whose singular locus is trAsuˆX, and the normal cone of this singular locus can be identified with the cone bundle of degenerate elements in K _ X b S 2 pEq, where E is the holomorphic bundle associated with A.
Here we denoted by S 2 pEq the second symmetric power of E; an element η b σ P K X pxq _ bS 2 pEpxqq is degenerate if the associated linear map Epxq Ñ Epxq _ bK X pxq _ has non-trivial kernel. Since rkpEq " 2, this is equivalent to the condition that σ belongs to the image of the squaring map Epxq Ñ S 2 pEpxqq. Finally, the extensibility of the complex space structure across the subspace R Ă M ASD pEq has been studied in detail in a more general framework in [Te5] . In our special case the result is the following Theorem 1.4. [Te5] Let X be a class VII surface endowed with a Gauduchon metric g with deg g pK X q ă 0, and let E be an SLp2, Cq-bundle on X with c 2 pEq " 1. Then M ASD pEq˚" M st pEq is a smooth 4-fold, and the reduction locus R Ă M ASD pEq is a union of b 2 pXq|TorspH 2 pX, Zqq| circles. Any such circle has a neighbourhood which can be identified with a neighbourhood of the singular circle in a flip passage; in particular the holomorphic structure of M ASD pEq˚does not extend across any of these circles.
In other words, for class VII surfaces with b 2 ą 0, the holomorphic structure does not extend across the circles of reductions in the moduli space, but (supposing deg g pK X q ă 0) the structure of the moduli space around such a circle is perfectly understood. Note that the condition deg g pK X q ă 0 is not restrictive. Indeed, using the classification of class VII surfaces with b 2 " 0 [Te1] and the results of [Bu2] (see also [Te4, Lemma 2.3] ), it follows that: Remark 1.5. Any class VII surface whose minimal model is not an Inoue surface admits Gauduchon metrics g such that deg g pK X q ă 0.
A surprising corollary of our results is: Corollary 1.6. Let pX, gq be a primary Hopf surface endowed with a Gauduchon metric, and E be an SLp2, Cq-bundle on X with c 2 pEq " 1. Then the natural complex structure on M st pEq is smooth and extends to a complex structure on M ASD pEq, which becomes a 4-dimensional compact complex manifold.
This study of moduli spaces of SUp2q-instantons on class VII surfaces has several motivations. First, in recent articles the second author showed that PUp2q-instanton moduli spaces can be used to make progress on the classification of class VII surfaces, more precisely to prove the existence of curves on such surfaces [Te2] , [Te4] . A natural question is: can one obtain similar (or even stronger) results using moduli spaces of SUp2q-instantons? In order to follow this strategy one needs a thorough understanding of compactified such moduli spaces.
A second motivation is related to Corollary 1.6: according to this result, the assignment pX, gq Þ Ñ M ASD pEq defines a functor from the category of Gauduchon primary Hopf surfaces to the class of 4-dimensional smooth compact complex manifolds. Moreover, it is known that M ASD pEq˚" M st pEq is endowed with a canonical Hermitian metric g which is strongly KT, i.e., satisfies BBω g " 0 [LT] . The class of compact strongly KT Hermitian manifolds has been intensively studied in recent years. This class of manifolds intervenes in modern physical theories (II string theory, 2-dimensional supersymmetric σ-models) and also in Hitchin's theory of generalised Kähler geometry. Therefore, it is natural to ask Question 3. In the conditions of Corollary 1.6 does the canonical strongly KT metric on M ASD pEq˚" M st pEq extend to a smooth Hermitian metric on the complex
If this question has a positive answer, the resulting metric on M ASD pEq will be strongly KT, giving an interesting functor from the category of Gauduchon primary Hopf surfaces to the category of compact strongly KT 4-dimensional manifolds. This functor would yield a large class of examples of 4-dimensional strongly KT compact manifolds. We will come back to Question 3 in a future article.
A third motivation: the novelty of the methods used in the proofs, which emphasise surprising difficulties which occur in the non-Kählerian framework. We shall explain the ideas of proofs and these difficulties in the next subsections, and in the course of the subsequent proofs themselves, it will be apparent that our methods will be applicable in many other situations. 
In a second step we will construct a complex manifold structure on the topological manifold M using a gluing construction based on the following simple result proved in the appendix:
Lemma 6.16. Let X be a topological 2n-dimensional manifold, and Y Ă X be an open subset endowed with a complex manifold structure. Let U be an n-dimensional complex manifold, and f : U Ñ X be a continuous, injective map with the properties: ‚ X zY Ă impf q, ‚ The restriction f f´1pYq : f´1pYq Ñ Y is holomorphic with respect to the holomorphic structure induced by the open embedding f´1pYq Ă U.
f induces a biholomorhism f´1pYq Ñ impf qXY with respect to the holomorphic structures induced by the open embeddings f´1pYq Ă U, impf qXY Ă Y, (4) There exists a unique complex manifold structure on X which extends the fixed complex structure on Y, and such that f becomes biholomorphic on its image.
The hard part of the proof of Theorem 1.2 is the construction of a pair pU, f : U Ñ Mq such that, taking Y :" M ASD pEqr eg with the complex structure induced from M st pEq reg , the hypothesis of Lemma 6.16 is fulfilled. Note first that, surprisingly, the Gieseker (semi)stability condition for torsionfree sheaves, can be naturally extended to arbitrary Gauduchon surfaces. The point is that, for surfaces, in these conditions only the degree of the sheaf and its Euler-Poincaré characteristic intervene [Fr, p. 97] . We agree to call the torsion-free sheaves on X, which are not locally free, singular sheaves.
In our situation we obtain a natural homeomorphism ϕ : S » Ñ R 0ˆX between the moduli space S of singular rank 2 Gieseker stable sheaves F on X with the properties
Taking into account this identification, a natural choice would be to take for U an open neighbourhood of S in the moduli space of all (locally free and singular) rank 2 Gieseker stable sheaves (with trivial determinant and c 2 " 1). Unfortunately in our non-Kählerian framework an unexpected difficulty arises: Gieseker stability is not an open condition. More precisely, in our case, any neighbourhood (in the moduli space of simple rank 2 sheaves with trivial determinant) of a point rFs P S contains points corresponding to sheaves which are not even slope semi-stable. Taking into account this difficulty, we will take U to be a sufficiently small open neighbourhood of S in the moduli space M si of simple rank 2 sheaves [KO] with trivial determinant. We will define a map f : U Ñ M whose restriction to S coincides with ϕ and whose restriction to U X M st pEq reg coincides with the identity of this set. For a point rFs P U with F not semistable we put f prFsq :" rE F s, where E F is a slope stable locally free sheaf which is determined up to isomorphy by the conditions
The proof will be completed by showing that these properties determine a welldefined map f : U Ñ M satisfying the assumptions of Lemma 6.16.
1.4. The idea of proof of Theorem 1.3. According to the main result of [Pl] the moduli space M0 consists of finitely many simple points. Let rAs P M0 be a flat irreducible SUp2q-instanton, E be the associated stable holomorphic bundle, and π : PpEq Ñ X its projectivisation. For a point x P X and a line y P PpEpxqq we denote by η y : Epxq Ñ q y :" Epxq{y the corresponding epimorphism, and we put
We will construct a torsion-free sheaf F on PpEqˆX, flat over PpEq, such that for any point y P PpEq the restriction F tyuˆX , regarded as a sheaf on X, is isomorphic with F y . The sheaf F defines an embedding PpEq Ñ M si in the moduli space of simple, torsion-free sheaves with trivial determinant and c 2 " 1. The normal line bundle of the image P of this embedding can be computed explicitly. We will prove that P has an open neighbourhood U such that UzP Ă M st pEq reg . On the other hand, using Fujiki's contractibility criterion [Fuj] , it follows that, there exists a modification U Ñ V on a singular complex space V, which contracts the projective fibres of P. Using the continuity theorem [BTT] we obtain a continuous map U Ñ M 2. The topological structure of M ASD pEq at the virtual points 2.1. Local models at the reducible virtual points. We start with the following regularity result Proposition 2.1. Let X be a class VII surface endowed with a Gauduchon metric g, and E be a holomorphic, split polystable SLp2, Cq-bundle on X with c 2 pEq " 0. Then H 2 pEnd 0 pEqq " 0.
where L is a holomorphic line bundle on X with deg g pLq " 0 and c 1 pLq 2 " 0. Since the intersection form q X is negative definite the latter condition implies c 1 pLq P TorspH 2 pX, Zqq so, using the notation introduced in Section 1.2, rLs P C c pXq for a class c P TorspH 2 pX, Zqq. Note that
and, since X is a class VII surface, h 2 pO X q " h 0 pK X q " 0. The result follows from Lemma 2.2 below.
Lemma 2.2. Let X be a class VII surface, and rMs P CpXq. Then H 2 pMq " 0.
Proof. By Serre duality we have
On the other hand, since M is associated with a character χ : H 1 pX, Zq Ñ S 1 , it follows that its Chern class c BC 1 pMq in Bott-Chern cohomology vanishes. Therefore it suffices to prove that, on a class VII surface X, the Bott-Chern class c Case 2. X min is a Hopf surface. Any primary Hopf surface H contains a nontrivial anti-canonical effective divisor [Kod2, p. 696] . In other words one has K H » O H p´Dq where D ą 0. It follows that for any Hopf surface H the clasś c BC 1 pK Xmin q is non-trivial and pseudo-effective, so c BC 1 pK Xmin q cannot be represented by an effective divisor.
Case 3. X min is a minimal class VII surface with b 2 pX min q ą 0. In this case, using [Na, Lemma 1.1.3] we see that even the de Rham class c DR 1 pK Xmin q is not represented by an effective divisor.
Corollary 2.3. Let A be a reducible flat SUp2q-instanton on a class VII surface. Then H 2 A " 0.
Proof. In general, if A is a projectively ASD connection on a Gauduchon surface, and E is the associated polystable bundle E (see section 1.1), the cohomology spaces of the deformation elliptic complexes associated with E and A can be compared explicitly [Te4, Section 1.4.4 The following proposition describes the local structure around a regular, reducible virtual instanton on any Riemannian 4-manifold with b 1 pXq " 1 and b`pXq " 0:
Proposition 2.4. Let X be a connected, oriented, compact Riemannian 4-manifold with b 1 pXq " 1 and b`pXq " 0. Let E be an SUp2q-bundle with c 2 pEq " 1 on X. Let A be a flat, reducible instanton on X with
pEq is an 8-dimensional topological manifold at prAs, xq.
Proof. Let E 0 be the trivial SUp2q-bundle on X. For a point u P X denote by Gl u the space of gluing data at u, which is just the space Isom`pΛù , supE 
The unions Gl X :"
have natural structures of a locally trivial fibre bundles over X with standard fibres SOp3q, respectively the ε-cone C ε :" ttγ| t P r0, εq, γ P SOp3qu over SOp3q in M 3,3 pRq. For an open set U Ă X we denote by Gl U , C ε U the restrictions of these bundles to U . The gauge group G E 0 :" ΓpX, SUpE 0acts naturally on Gl X (hence also on C ε X ) via the morphisms
where Ad is just the adjoint representation of SUpE Let A be a reducible flat instanton on X with H 2 A " 0, and let x P X. In this case [DK, Proposition 8.2.4] gives an open neighbourhood U of x in X, a positive number
where B ε is the radius ε ball of H 1 A , and G A the stabiliser of A.
Suppose first the G
0is an A-parallel unit section. The stabiliser G A acts trivially on H 1 A . Let ΛÙ , SpΛÙ q, B ε pΛÙ q be the restriction of the bundle Λ`to U , the corresponding unit sphere bundle, respectively the corresponding radius ε ball bundle. The maps a : Gl U Ñ SpΛÙ q, b : C ε U Ñ B ε pΛÙ q given by apγq " γ´1pσ u q , bptγq " tγ´1pσ u q @u P U @γ P Gl u @t P r0, εq are surjective, and their fibres coincide with the G A -orbits in Gl U , C ε U respectively. Therefore in this case one has a homeomorphism B εˆC ε U L G A » B εˆBε pΛÙ q, which is obviously an 8-dimensional topological manifold.
2. Suppose now that G A » SUp2q. In this case the bundle supE 0 q is trivial, and choosing a trivialisation of this bundle, one obtains identifications
. Therefore in this case the quotient B εˆC ε U {G A is a locally trivial fibre bundle over U with fibre
SOp3q
Identifying C ε with the topological cone r0, εqˆSOp3q L t0uˆSOp3q we obtain a proper surjective map
The quotient on the left can be identified with B The claim follows now by Lemma 2.5 below, taking into account that B 3 εˆr 0, εq is a " saturated open neighbourhood of p0, 0q in R 3ˆr 0, 8q and that " ε is just the equivalence relation induced by " on this neighbourhood.
, and let p : S ǹ Ñ S n be the surjective map defined by the conditions
(1) the points η, x and ppxq belong to a geodesic of S n , (2) dpppxq, ηq " 2dpx, ηq, where distances are computed using the standard Riemannian metric on S n .
The map π :
is proper and identifies R n`1 with the topological quotient of R n`1 by the equivalence relation " generated by
The map p : S ǹ Ñ S n is just the (maximal extension of the) homothety of coefficient 2 and center η on the sphere S n . Figure 1 illustrates Lemma 2.5 in the case n " 2.
Combining Corollary 2.3 with Proposition 2.4 we obtain Proposition 2.6. Let X be a class VII surface, and E be an SUp2q-bundle with
pEq and is a topological 8-manifold.
The structure of M

ASD
pEq around the strata of irreducible virtual points. Let X be a class VII surface. By [Pl, Theorem 2 .1] it follows that for any stable holomorphic bundle E of rank 2 with detpEq » O X and c 2 pEq " 0 one has H 2 pEnd 0 pEqq " 0. Using the same argument as in the proof of Corollary 2.3 we obtain Proposition 2.7. Let A be an irreducible flat SUp2q-instanton on a class VII surface. Then H 2 A " 0. On the other hand the method used in the proof of Proposition 2.4 gives: Proposition 2.8. Let X be a connected, oriented, compact Riemannian 4-manifold with b 1 pXq " 1 and b`pXq " 0. Let E be an SUp2q-bundle with c 2 pEq " 1 on X. Let A be a flat, irreducible instanton on X with H The following remark shows that an SLp2, Cq-holomorphic structure E on E 0 defines a normal complex space structure on the cone bundle C ε X . Remark 2.9. Let pX, gq be Hermitian surface. The cone bundle C ε X can be identified with a neighbourhood of the zero section in the cone bundle of degenerate elements in Λ 02 X b S 2 pE 0 q. Therefore any holomorphic SLp2, Cq-structure E on E 0 identifies C ε X with a neighbourhood of the zero section in the cone bundle of degenerate elements in K _ X b S 2 pEq, which is a normal complex space over X.
Proof. The standard fibre of C ε X is a cone over SOp3q, hence it can be identified with a neighbourhood of the singular point in the quotient R 4 {µ 2 . If we fix a Spin c p4q-structure σ on X, then the SOp3q-bundle Gl X can be identified with the quotient UpΣ`, E 0 q{S 1 , where Σ`is the positive spinor bundle of σ. This identification is obtained using the standard isomorphism Λ`pXq » Ñ supΣ`q. If pX, gq is a Hermitian surface and σ is its canonical Spin c p4q-structure, then Σ`" Λ 00 ' Λ 02 . Denoting by SpEq the sphere bundle of E 0 we obtain a bundle isomorphism UpΣ`, E 0 q u» Ñ SpE 0 qˆX SpΛ 02 q given fibrewise by the formula
x q , where 1 x is the standard generator of Λ 00 x , and j¨stands for the multiplication with the quaternionic unit j with respect to the quaternionic structure of E given by the standard identification SUp2q » Spp1q. The S 1 -action on SpΛ 02 qˆX SpE 0 q induced by the standard action of S 1 on UpΣ`, E 0 q is given by ζ¨pu, vq " pζ´2u, ζvq. This shows that the bundle Gl X " UpΣ`, E 0 q{S 1 can be identified with the image S of SpΛ 02 qˆX SpE 0 q in Λ 02 b S 2 pE 0 q via the S 1 -invariant map pe, νq Þ Ñ pe _ eq b ν. It suffices to note that tt s| t P r0, εq, s P Su is a neighbourhood of the zero section in the cone bundle of degenerate elements in Λ 02
3. Singular sheaves with trivial determinant and c 2 " 1 3.1. A family of SLp2, Cq-bundles with c 2 " 0. Let X be a class VII surface. For such a surface one has χpO X q " 0, H 1 pO X q » C, and Pic 0 pXq » C˚. Fix an isomorphism ϑ : H 1 pO X q Ñ C which maps H 1 pX, Zq onto Z, and let be the induced isomorphism Pic 0 pXq Ñ C˚. Since X is fixed, we will omit it in the notations Pic T pXq, Pic c pXq, CpXq, CpXq, C c pXq, C c pXq, C c pXq, ρ c pXq, ρpXq, TpXq, T 0 pXq, T 1 pXq introduced in section 1.2. Let L be a Poincaré line bundle on Pic TˆX normalised at a point x 0 P X. For l P Pic T we put L l :" L tluˆX , regarded as a line bundle on X. The universal property of the Poincaré line bundle shows that, for any l P Pic T , the isomorphism type of L l is l. For a point l P Pic T and a tangent vector v P T l pPic
The quotient P of Pic T by the involution l j Þ Ñ l _ decomposes as a disjoint union P " Ť cPT P c where, for a class c " rcs P T, P c stands for the quotient of Pic c YPic´c by j. P c is biholomorphic to C when c P T 0 , and can be identified with Pic c » Cẘ hen c P T 1 . The projection π : Pic T Ñ P is a branched double covering whose ramification locus is the set
and whose branch locus is β :" πpρq Ă Ť cPT0 P c . Since Pic 0 is an injective Zmodule, the short exact sequence 0 Ñ Pic 0 Ñ Pic T Ñ TorspH 2 pX, Zqq Ñ 0 splits. Fix a left splitting σ : Pic T Ñ Pic 0 , and put
The zero locus of ζ is the ramification locus ρ. With these notations one has
The push-forward E :" pπˆid X q˚pL q is a rank 2 bundle on PˆX. For p P P we put E p :" E tpuˆX regarded as a bundle on X. Taking into account the definition of pπˆid X q˚, one obtains canonical isomorphisms
where X l stands for the smooth divisor tluˆX Ă Pic TˆX , where X l`Xl _ is regarded as an effective divisor in Pic TˆX , and where the right hand sheaf is regarded as an O X -module via the obvious projection X l`Xl _ Ñ X. For a ramification point l P ρ, one obtains
where 2X l is regarded as a non-reduced complex subspace of Pic TˆX . Tensoring by L the short exact sequence
and regarding the central term as an O X -module, we obtain a canonical exact sequence
whose extension class is precisely v0 pL q, where v 0 P T l pPic T q is defined by the condition dζpv 0 q " 1 (see Proposition 6.8 in the Appendix). Taking into account formula (3) we get:
Lemma 3.1. In the conditions and with the notation above, let p " πplq P P. Then
whose extension class is the generator of H 1 pO X q induced by the fixed isomorphism ϑ :
Using the identification (5) we see that:
Remark 3.2. Every representative l P p yields a canonical short exact sequence
If
given by Lemma 3.1) will be called the canonical line sub-bundle of E p , and L l pxq the canonical line of E p pxq.
Proposition 3.4. Fix a Gauduchon metric g on X, let l P Pic T with deg g plq ě 0, and put p :" πplq. Then
l q induced by the composition of endomorphisms is given by
(2) When l P ρ then
The multiplication on Cid Ep ' Cpj l˝rl q induced by the composition of endomorphisms is given bỳ
Proof.
(1) follows from Lemma 3.1 taking into account that, since deg g pL
Note that in our non-Kählerian framework X might contain non-empty effective divisors with torsion fundamental class, so H 0 pL b2 l q might be non-zero even if l R ρ. For (2), let ϕ P EndpE p q. The composition r l˝ϕ˝jl must vanish because, if not, it would be an isomorphism, hence ϕ˝j l would define a splitting of the extension (9). Therefore ϕ maps j l pL l q into itself, giving an endomorphism ϕ 0 of L l , which can be written as ϕ 0 " z id L l . The endomorphism ψ :" ϕ´z id Ep will vanish on j l pL l q, so it can be written as ψ " χ˝r l , for a morphism χ : L l Ñ E p . Since, by the same argument as above one has r l˝χ " 0, it follows that χ " j l˝u for a morphism u : L l Ñ L l . Writing u " ζid L l we obtain ϕ " z id ε`ζ pj l˝rl q, which proves the claim.
Definition 3.5. Let DivpXq ą0 be the set of non-empty, effective divisors on X. Put DivpXq
One has obviously v 0 pgq ě vpgq, and using Bishop's compactness theorem (see for instance [Ch] ), it follows that vpgq ą 0.
Remark 3.6. Let L be a non-trivial holomorphic line bundle on X. Suppose that deg g pLq ă vpgq or c R 1 pLq " 0 and deg g pLq ă v 0 pgq. Then H 0 pLq " 0.
With these notations Proposition 3.4 gives
Corollary 3.7. Let p " πplq P Pzβ with 0 ď |deg g plq| ă
Let A ε be the tubular neighbourhood of C " HompH 1 pX, Zq, S 1 q in Pic T given by A ε :" tl P Pic T | deg g plq P p´ε, εqu, and let A ε be the quotient A ε :" A ε {xjy. A ε is a disjoint union of annuli, and A ε is a disjoint union of annuli and disks. Denoting by |deg g | : P Ñ r0, 8q the map given by |deg g |pπ 0 plqq :" |deg g plq|, we see that C is just the zero set of |deg g |, and A ε is the open subset of P defined by the inequality |deg g |ppq ă ε.
Corollary 3.8. Let pX, gq be a class VII surface endowed with a Gauduchon metric. For sufficiently small ε ą 0 the following holds:
(1) h 0 pEnd 0 pE p" 1, h 2 pEndpE p" h 2 pEnd 0 pE p" 0 for any p P A ε , (2) the family E is versal at any point p P A ε .
(1) By Corollary 3.7 it follows that h 0 pEnd 0 pE p" 1 if |deg| g ppq is sufficiently small. Write p " πplq with l P A ε . By Lemma 2.2 we know that
Using Remark 10 and the known property h 0 pK X q " 0, we see that h 0 pK X b EndpE p" h 0 pK X b End 0 pE p" 0 when p P C. By Grauert's semicontinuity theorem it follows that, for sufficiently small ε ą 0, one has h 2 pEndpE p" h 2 pEnd 0 pE p" 0 for any p P A ε . (2) Using the Riemann-Roch theorem we get h 1 pEnd 0 pE p" 1 for any p P A ε . It suffices to note that the infinitesimal deformation v pE q is non-trivial for any non-trivial tangent vector v. For p R β the claim follows from the similar property of the Poincaré line bundle L . For p P β this follows from Proposition 6.8 (2).
3.2. Singular torsion-free sheaves with trivial determinant and c 2 " 1. We start with the following simple classification result:
Proposition 3.9. Let F be a singular torsion-free rank 2 sheaf on a non-algebraic complex surface X with detpFq » O X and c 2 pFq " 1. Then F fits in an exact sequence
where E " F _ _ is a rank 2-bundle on X with detpEq » O X , c 2 pEq " 0, and O txu :" O{I x .
Proof. Since F is torsion-free on a surface, its singularity set S Ă X is 0-dimensional, F embeds injectively in its bidual E :" F _ _ (which is locally free), and the support of the quotient sheaf Q :" E{F is S. Using the exact sequence
we get detpEq » detpFq » O X , and c 2 pEq " c 2 pFq´h 0 pQq. On the other hand, since X is non-algebraic, we get [BLP, Théorème 0.3] 4c 2 pEq´c 1 pEq 2 ě 0, hence, in our case, c 2 pEq ě 0. This gives h 0 pQq ď c 2 pFq " 1. Since we suppose that F is singular, Q cannot vanish, hence h 0 pQq " 1, which shows that Q is just the structure sheaf of a simple point.
Let E be rank 2 locally free sheaf on a surface X, x P X and η : Epxq Ñ C be a linear epimorphism. We will denote by FpE, x, ηq the torsion-free sheaf kerpηq, whereη : E Ñ O txu is the epimorphism induced by η.
Proposition 3.10. If FpE, x, ηq » FpE 1 , x 1 , η 1 q then x " x 1 and any isomorphism f : FpE, x, ηq Ñ FpE 1 , x, η 1 q is induced by a bundle isomorphism ϕ : E Ñ E 1 such that η 1˝ϕ pxq P C˚η.
Proof. Indeed, if FpE, x, ηq » FpE 1 , x 1 , η 1 q then comparing the singularity sets of the two sheaves we get x "
between the respective biduals which makes the diagram
commutative. This shows that ϕ maps FpE, x, ηq onto FpE 1 , x, η 1 q and f is just the restriction of ϕ to FpE, x, ηq. The former property is equivalent to ϕpkerpηqq " kerpη 1 q, which, since O txu is a skyscraper sheaf with 1-dimensional stalk, is obviously equivalent toη 1˝ϕ P C˚η. But this is equivalent to η 1˝ϕ pxq P C˚η.
Corollary 3.11. Let E be rank 2 locally free sheaf on a surface X, x, x 1 P X, and η, η 1 : Epxq Ñ C be epimorphisms. The following conditions are equivalent:
(1) FpE, x, ηq » FpE, x 1 , η 1 q, (2) x " x 1 and there exists an automorphism ϕ P AutpEq such that η 1˝ϕ pxq " η.
We return to class VII surfaces and the objects constructed in the previous sections.
Definition 3.12. Let X be a class VII surface, let p P P and x P X. An epimorphism η : E p pxq Ñ C will be called admissible if its kernel does not coincide with a canonical line of E p pxq (see Definition 3.3).
Using Proposition 3.4 and Corollary 3.7 we get Corollary 3.13. Let p " πplq P P with 0 ď |deg g plq| ă 1 2 v 0 pgq.
(1) For any admissible epimorphism η : E p pxq Ñ C, the sheaf FpE p , x, ηq is simple, (2) If η, η 1 : E p pxq Ñ C are admissible epimorphisms, then FpE p , x, ηq » FpE p , x, η 1 q.
The sheaves of the form FpE p , x, ηq will play a crucial role in the proof of our main result. Using Remark 3.2 we see that Remark 3.14. Let η : E p pxq Ñ C be an admissible epimorphism. A representative l P p gives a short exact sequence
where j l,x,η , r l,x,η are induced by j l , r l .
The map V ε and its properties
We will need holomorphic families of singular sheaves of the form FpE p , x, ηq parameterised by products PˆU , for sufficiently small open subsets U Ă X. Therefore we will need families of admissible epimorphisms
Taking push-forward via the double cover πˆid U : Pic TˆU Ñ PˆU , and using (4), we get a bundle isomorphism
where E U :" E PˆU . The projection on the second summand gives an epimorphism
Lemma 4.1. For any pp, uq P PˆU , η σ p,u : E p puq Ñ C is an admissible epimorphism.
Proof. Via the identifications
the morphism η σ is given by η σ pαq "
the same formula shows that η σ defines a splitting of the restriction of the exact sequence (8) to U , so kerpη σ p,u q is a complement of L l puq in E p puq.
4.1.
The embedding V ε . Let M si be the moduli space of simple torsion-free sheaves on X with trivial determinant line bundle and c 2 " 1, and let
be its regular part.
Proposition 4.2. Let pX, gq be a class VII surface endowed with a Gauduchon metric. For sufficiently small ε ą 0 the following hold:
(1) rFpE p , x, ηqs P M si reg for any p P A ε , x P X and admissible epimorphism η :
(for an admissible epimorphism η : E p pxq Ñ C) is well-defined, injective, holomorphic, immersive, and homeomorphic on its image.
In other words, for sufficiently small ε ą 0, V ε is a holomorphic embedding.
Proof. (1) Put F :" FpE p , x, ηq, E :" E p to save on notation. The fact that F is simple for sufficiently small |deg g |ppq follows from Corollary 3.13.
To prove that Ext 2 pF, Fq " 0, use the local-global spectral sequence. Since the singularity set of F is 0-dimensional, one has
hence it suffices to show that, when |deg| g ppq is sufficiently small, one has
To prove (a) note that the sheaf HompF, Fq fits in a short exact sequence 0 Ñ HompF, Fq Ñ HompF, Eq " HompE, Eq
where ψ η is the composition
Since Hom`F L I x E , O txu˘i s a torsion sheaf supported at txu, we have
which vanishes if ε is sufficiently small by Corollary 3.8.
For (b) note that the stalk F y is a free O y -module for any point y ‰ x, whereas
as O x -modules. Therefore we have to prove that
0 .
Using the exact sequence
we see that the homological dimension of I x ( x is 1, hence 0, too.
(2) Corollary 3.13 shows that V ε is well-defined. The injectivity of V ε follows from Proposition 3.10, taking into account that E p , E p 1 are non-isomorphic when p ‰ p 1 and |deg g |ppq, |deg g |pp 1 q are sufficiently small.
We prove that V ε is holomorphic. Let U Ă X be a contractible, Stein open subset of X, σ be a trivialization of L U :" L Pic TˆU , and let η σ : E U Ñ O PˆU be the associated epimorphism. On the product PˆUˆX we consider the following sheaves:
Denoting by ∆ UX » U the graph of the inclusion map U ãÑ X, we get an obvious identification X UX E Pˆ∆ UX " U UX E Pˆ∆ UX , so an obvious epimorphism w σ :
X UX E Pˆ∆ UX Ñ O Pˆ∆ UX which corresponds to η σ via the canonical identifications. Put
Since X UX E and O Pˆ∆ UX are flat over PˆU , it follows by Lemma 4.4 proved below that F σ is also flat over PˆU , and that the restriction F σ p,u of F σ to a fibre tpp, uquˆX (regarded as a sheaf on X) is just the kernel of the composition
Therefore one has rF σ p,u s " V ε pp, uq @pp, uq P A εˆU . Since F σ is flat over PˆU , this proves that V ε is holomorphic on A εˆU . Using a covering of X by Stein, contractible open subsets, we see that V ε is holomorphic on A εˆX .
We will show now that V ε is an immersion. 
where, on the right, we took into account that H 2 pHompF, Fqq " 0. The image of J is the subspace of Ext Finally we prove that, for sufficiently small ε ą 0 the map V ε is homeomorphic on its image. Put
and letV ε :Ā εˆX Ñ M si be the map defined again bȳ V ε pp, xq :" rFpE p , x, ηqs, for an admissible epimorphism η : E p pxq Ñ C. It is easy to see that, for sufficiently small ε ą 0, the mapV ε is continuous, and injective. Moreover, its imageV ε pĀ εˆX q is Hausdorff. This follows using the non-separability criterion explained in section 6.4, and noting that, for two distinct pairs pp, xq ‰ pp 1 , x 1 q with p, p 1 PĀ ε , one has Hom`FpE p , x, ηq, FpE p 1 , x 1 , η 1 q˘" 0. ThereforeV ε induces a continuous bijection A εˆX ÑV ε`ĀεˆX˘f rom a compact space to a Hausdorff space. By a wellknown result in topology, this bijection is a homeomorphism. It suffices to note that V ε is the restriction ofV ε to A εˆX . Lemma 4.3.
(1) The partial derivative (2) The composition R˝B
Proof. The definition of F σ (17) gives the exact sequence
where w σ stands for the composition
The decomposition (14) of the restriction E U " E PˆU and the definition of the sheaf F σ gives an obvious isomorphism
where ∆ U U is the graph of id U .
(1) Let pp, xq P PˆU , and put E :" E p , F :" F σ pp,xq " FpE p , x, η σ p,x q. The direct sum decomposition (19) shows that F σ PˆtxuˆU " pŮ pO U ' I x q , hence this restriction can be regarded as a constant family of sheaves on U parameterized by Pˆtxu. Taking into account the geometric interpretation of the morphism R, this shows that, for every p P P and for every ξ P T p pPq one has which (taking into account the exact sequence (15)) are isomorphisms. Let now v P T p pPq, and w " pv, 0q P T pp,xq pPˆXq. By Lemma 4.4 below, we obtain θ 0 phpvqq " τ 0 p pv,0q p X UX E" τ 0 p v pE qq. On the other hand, by Proposition 6.8 in the appendix, it follows that v pE q ‰ 0 if v ‰ 0. This proves that h is injective. Taking into account that dimpT p pPqq " dimpH 1 pHom 0 pF, F" 1, the statement (1) follows.
(2) Using (19) we obtain an identification F σ tpuˆUˆU " O tpuˆUˆU ' I tpuˆ∆ U . By Proposition 6.9 proved in the appendix we obtain for a tangent vector η P T x X R`B V ε Bx pηq˘" R` p0,ηq pF σ q˘" η pI ∆ U q " η , which proves (2).
Lemma 4.4. Let S, X be complex manifolds with X compact, and let
be a short exact sequence of coherent sheaves on SˆX, where E and Q are flat over S. We denote by E s , F s the sheaves on X given by E tsuˆX , F tsuˆX . Then
(1) F is flat over S, and for any s P S the morphism j s : Proof. (1) Using the short exact sequence (20) and the flatness of E , Q over S, it follows that for any ps, xq P SˆX and any O s -module A, one has Tor k pF ps,xq , Aq " 0 for k ą 0. Therefore F is flat over S. The injectivity of j s follows from a wellknown flatness criterion [Mat, p. 150] .
(2) We may suppose that S Ă C is a disk centered at 0, s " 0 and w " d dz . The fibre X 0 is a divisor in Y :" SˆX. Tensoring the short exact sequence
with the O S -flat sheaves F , E , Q we obtain the following the commutative diagram with exact rows and columns 0 0 0
The morphisms z 1 , z 2 ,z are induced by multiplication with z, and p 1 , p 2 ,p are restriction morphisms. The infinitesimal deformations w pF q, w pE q are the extension classes of the first two horizontal rows. By definition, τ p w pEis the extension class of
and θp w pFis the extension class of
Let k : F 2Xs ' E X0 Ñ E 2X0 be the morphism given by kpx, yq " J 0 pxq´z 2 pyq. A simple diagram chasing shows that kerpkq " pz 1 'j 0 qpF X0 q and impkq " p 2´1 pF X0 q. Therefore k induces an isomorphism
It also defines an isomorphism between the extensions (21), (22).
4.2.
Topological properties of the map V ε . We will need the following notations: ) introduced in the section 1. The first result of this section shows that the map V ε has an important geometric interpretation: for a point p 0 P A ε (with ε sufficiently small) any small singular simple deformation of Fpp 0 , x 0 , η 0 q can be obtained by deforming the triple pp 0 , x 0 , η 0 q, so any such deformation remains in the image of V ε .
Proposition 4.5. Let pX, gq be a class VII surface endowed with a Gauduchon metric. For sufficiently small ε ą 0 the map
Proof. Let pp 0 , x 0 q P A εˆX , η 0 : E p px 0 q Ñ C be an admissible epimorphism, and let H be a sheaf on BˆX, flat over B (where B Ă C 4 is the standard ball), with an identification H 0 " Fpp 0 , x 0 , η 0 q, which is a universal deformation of Fpp 0 , x 0 , η 0 q in the category of simple, torsion-free sheaves with trivial determinant and c 2 " 1. Note that M si is smooth of dimension 4 at rFpp 0 , x 0 , η 0 qs by regularity and the Riemann-Roch theorem [To] . Put S :" ts P B| H s is singularu, let S be the restriction of H to SˆX and, for s P S, denote by S s the restriction of S to tsuˆX (which coincides with H s ). It suffices to prove that there exists an open neighbourhood U of 0 in S, and a holomorphic map f : U Ñ A εˆX such that f p0q " pp 0 , x 0 q, and for any s P U the isomorphism type of S s coincides with V ε pf psqq. By Proposition 3.9 and [HL, Lemma 9.6.1] it follows that S _ _ is locally free, and for any s P S the induced morphism S tsuˆX Ñ S _ _ tsuˆX coincides with the canonical embedding S s Ñ S _ _ s , in particular it is a monomorphism. Using the short exact sequence 0 Ñ S ãÑ S _ _ Ñ S _ _L S Ñ 0 and a well-known flatness criterion [Mat, p. 150] , we see that Q :" S _ _ {S is flat over S, and, for any s P S, the sequence
s Ñ Q s Ñ 0 is exact. Using again Proposition 3.9 it follows that for any s P S (1) there exists a unique point ψpsq P X such that Q s » O tψpsqu , (2) S _ _ is a flat family of locally free sheaves on X with trivial determinant and c 2 " 0. But the map x Þ Ñ O txu defines a biholomorphism between X and the Douady moduli space of length 1 quotient sheaves of O X . Therefore the flatness of Q over S shows that the map ψ : S Ñ X is holomorphic. On the other hand (supposing ε is sufficiently small) the family E is versal at p 0 by Corollary 3.8; it follows that there exists an open neighbourhood U of 0 in S, a holomorphic map ϕ : U Ñ A ε , and an isomorphism S _ _ UˆX » pϕˆid X q˚pE q. Therefore, with these notations, we see that for any s P S, the sheaf S s fits in an exact sequence 0 Ñ S s Ñ E ϕpsq rś Ñ O tψpsqu Ñ 0. Since S s is simple, it follows easily that r s is induced by an admissible epimorphism E ϕpsq pψpsqq Ñ C. Therefore the isomorphism type of S s is V pϕpsq, ψpsqq.
Proposition 4.5 can be reformulated as follows:
Corollary 4.6. In the conditions of Proposition 4.5 the following holds: For any pair pp 0 , x 0 q P A εˆX , and for any neighbourhood N of pp 0 , x 0 q, the point V ε pp 0 , x 0 q has a neighbourhood U such that UzV ε pN q Ă M si lf . We will need the following stronger version of this statement:
Proposition 4.7. In the conditions of Proposition 4.5 the following holds: For any pair pp 0 , x 0 q P A εˆX , and for any neighbourhood N of pp 0 , x 0 q, the point V ε pp 0 , x 0 q has a neighbourhood U such that UzV ε pN q Ă M st lf . For the proof we will need the following simple general results concerning filtrable SLp2, Cq-bundles with c 2 " 1 on class VII surfaces. Let X be a class VII surface, and put b :" b 2 pXq. The intersection form q X of X is negative definite. Using the first Donaldson theorem [D2] and the fact that c 1 pK X q is a characteristic element for q X , one obtains (see [Te4] , [Te5] ) a basis pe 1 , . . . , e b q of H 2 pX, Zq{TorspH 2 pX, Zqq such that q X pe i , e j q "´δ ij , c 1 pK X q`Tors "
Using these classes, the filtrable SLp2, Cq-bundles with c 2 " 1 on X can be easily classified as follows.
Lemma 4.8. Let E be a filtrable SLp2, Cq-bundle with c 2 " 1 on X, and q : E Ñ M be an epimorphism on a torsion-free coherent sheaf of rank 1. Then one of the following holds
(1) M is locally free, there exists i P t1, . . . , bu such that c 1 pMq`Tors P t˘e i u, and kerpqq » M _ . Therefore in this case E fits in a short exact sequence
with c 1 pMq`Tors P t˘e i u. (2) There exists a line bundle L on X with torsion Chern class, and a point
Recall that any filtrable locally free sheaf of rank 2 on a complex surface admits an epimorphism onto a torsion-free coherent sheaf of rank 1, hence Lemma 4.8 classifies all filtrable SLp2, Cq-bundles with c 2 " 1 on class VII surfaces. Lemma 4.8 shows that Lemma 4.9. Let X be a class VII surface. The set c 1 pM _ _ q| M is a rank 1 torsion-free quotient of an SLp2, Cq-bundle E with c 2 " 1 on X ( is finite.
Proof. (of Proposition 4.7) As in the proof of Proposition 4.5 let pp 0 , x 0 q P A εX , η 0 : E p px 0 q Ñ C be an admissible epimorphism, and let H be a sheaf on BˆX, flat over B (where B Ă C 4 is the standard ball), with an identification H 0 " Fpp 0 , x 0 , η 0 q, which is a universal deformation of Fpp 0 , x 0 , η 0 q in the category of simple, torsion-free sheaves with trivial determinant and c 2 " 1. Taking into account Corollary 4.6, the conclusion of Proposition 4.7 reduces to the Claim: For sufficiently small α ą 0 one has trH z s| z P B α uzV ε pN q ( Ă M st lf . Suppose by reductio ad absurdum that this does not hold. Then there would exist a sequence pz n q n in B such that lim nÑ8 z n " 0, and for any n P N one has
(1) rH zn s R V ε pN q, (2) H n is not stable. By Corollary 4.6 the sheaf H zn will be locally free for any sufficiently large n. We may assume that this is the case for any n. Since H zn is not stable, there exists a line bundle L n with degpL n q ď 0 and a non-trivial morphism u n : H zn Ñ L n . We may of course assume that L n is "minimal", i.e. it coincides with the bidual impu n q _ _ . By Lemma 4.10 below it follows that the sequence`deg g pL n q˘n is also bounded from below. Using Lemma 4.9 (which applies, because H zn are locally free) it follows that`rL n s˘n is a sequence of a compact subset of PicpXq, hence, passing again to a subsequence if necessary, we may assume that this sequence converges to a point rL 8 s P PicpXq. We will have deg g pL 8 q ď 0, and, using Flenner's semicontinuity theorem (see Proposition 6.10), it follows HompH 0 , L 8 q ‰ 0. Since H 0 " Fpp 0 , x 0 , η 0 q, choosing a representative l 0 P p 0 and using Remark 3.14, we obtain HompL l0 , L 8 q ‰ 0, or HompL
, so in particular rL 8 s P Pic T . But this implies that for any sufficiently large n P N one has rL n s P Pic T . Since H n is locally free, Lemma 4.8 shows that for any (sufficiently large n) there exists x n P X such that HompH n , L n bI xn q ‰ 0. Using the compactness of X, we get a point x 8 P X such that HompH 0 , L 8 bI x8 q ‰ 0. But it is easy to see that (supposing |deg g pl 0 q| is sufficiently small) one has
Therefore we obtained a contradiction, which completes the proof.
Lemma 4.10. Let pX, gq be a compact Gauduchon surface, M be a complex manifold and E be a sheaf on MˆX, flat over M . For any compact subset K Ă M the set tdeg g pLq| Du P K such that HompE u , Lq ‰ 0u is bounded from below.
Proof. Using [To, Proposition 3 .1] it follows that there exists a sheaf epimorphism q : F Ñ E , where F is a locally free sheaf on MˆX. Therefore, for any u P M we get an epimorphism q u : F u Ñ E u , where F u is locally free. Let h be a Hermitian metric on F , h u be the induced metric on F u , and for any line bundle L on X, let h L be a Hermitian-Einstein metric on L. We denote by A u , A L the Chern connections associated with h u , h L . One has
Since K is compact, and iΛF A L " c L , where the Einstein constant c L is proportional to deg g pLq, it follows that there exists d K P R such that iΛ g pF A _ u bA L q is negative definite for any u P K and any line bundle L with degpLq ă d K . Using a well-known vanishing theorem [Ko] , we obtain HompF u , Lq " 0 for any u P K and line bundle L with degpLq ă d K . It suffices to note that HompF u , Lq " 0 implies HompE u , Lq " 0.
Put V ε :" V ε pA εˆX q. 
Proof. Using Propositions 4.2 and 4.7, every point e P V ε has a neighbourhood U e in M si reg such that V ε X U e is closed in U e and U e zV ε Ă M st lf . It suffices to put
where N is a Hausdorff neighbourhood of V ε pĀ εˆX q (see Proposition 6.11).
Extending the complex structure
Let pX, gq be a class VII surface endowed with a Gauduchon metric. We have seen that, for a pair pp, xq P`PzC˘ˆX and an admissible epimorphism η : Epxq Ñ C, the sheaf Fpp, x, ηq is not even slope semistable, because it is destabilised by its subsheaf L _ b I x , where l " rLs is the unique representative of p with negative degree. We will extend the holomorphic structure of M st pEq to its Donaldson compactification using the gluing Lemma 6.16. The parametrisation f intervening in this theorem will be defined on an open neighbourhood of V ε in M si , and will map an element rFpp, x, ηqs P V ε with |deg g |ppq ą 0 to the isomorphism class of a stable, locally free Serre extension. This isomorphism class is non-separable (in the Hausdorff sense) from rFpp, x, ηqs in M si .
Families of Serre extensions. The family of Serre extensions we need is defined as follows:
Let U be an open set of X. Denote by L ε , L εU the restriction of the Poincaré line bundle L to A εˆX , respectively A εˆU . On the product Π εU q, Put Z :" A εˆ∆U X , where ∆ U X is the graph of the embedding U ãÑ X. We have canonical isomorphisms
For the second isomorphism we used formula (45) proved in the appendix; for the third isomorphism we used the obvious isomorphism M Z " O Z , and the obvious identification between the normal bundle of Z and the pull-back of the tangent bundle T U . The local-global spectral sequence gives an exact sequence
The cohomology spaces H k`pŮ pK U q b M b2˘c an be computed using the Leray spectral sequence associated with the projection p AεU : Π U ε Ñ A εˆU . Using the projection formula and denoting by q Aε : A εˆU Ñ A ε , q U : A εˆU Ñ U , π Aε : A εˆX Ñ A ε the obvious projections, we get (24) shows that p AεU˚`pŮ pK U qbM b2˘"
0. Let now ε ą 0 be sufficiently small such that (C1) H 2 pL b2 l q " 0 for any l P A ε (see Lemma 2.2), (C2) H 0 pL b2 l q " 0 for any l P A ε zρ (see Remark 3.6). The first condition implies R 2 pp AεU˚q`pŮ pK U q b M b2˘" 0, and the second implies that the sheaf R 1 pp AεU˚q`pŮ pK U qbM b2˘i s supported on ρˆU . Therefore, if U is Stein, one obtains (23) is surjective. For any ν P a´1 U p1q we obtain a short exact sequence
on Π U ε with locally free central term (by Serre's Lemma, see [OSS, Lemma 5.1.2] ). The 2-bundle S ν pl,uq on X defined by the restriction of S ν to tpl, uquˆX fits in a short exact sequence
On the other hand Proposition 5.1. Let ε ą 0 be sufficiently small such that conditions (C1), (C2) above hold. Then
(1) For every pl, xq P`A ε zρ˘ˆX one has dimpExt 1 pL _ l b I x , L l" 1, and there exists a locally free sheaf Spl, xq, unique up to isomorphism, which fits in an exact sequence of the form
(2) Suppose that ε ă vpgq. Then Spl, xq is (semi)stable if and only of deg g plq ă 0 (deg g plq ď 0) .
(1) The first statement follows easily using the exact sequence
l q Ñ 0 and the conditions (C1), (C2).
(2) If deg g plq ě 0 (deg g plq ą 0) then Spl, xq is obviously non-stable (non semistable). Conversely, suppose that deg g plq ă 0 (deg g plq ď 0). If L ãÑ Spl, xq is a destabilising locally free subsheaf of rank 1 of Spl, xq, then H 0 pL _ b L _ l b I x q ‰ 0 and deg g pLq ě 0 (respectively deg g pLq ą 0). This implies that the line bundle
l has a non-trivial section whose zero divisor D contains x, in particular is non-empty. We get vol g pDq " |deg g plq|´deg g pLq ď |deg g plq|, which contradicts the assumption ε ă vpgq (see Definition 3.5).
Therefore in this case the situation is different:
Remark 5.2. For any line bundle L on X one has dimpExt 1 pLbI x , Lqq " 2, and the set of isomorphism classes of locally free sheaves S which fit into an exact sequence of the form 0 Ñ L Ñ S Ñ L b I x Ñ 0. can be identified with the complement of a singleton in PpExt 1 pL b I x , Lqq.
Corollary 5.3. Let ε be sufficiently small such that (C1), (C2) hold, and pl, xq P pA ε zρqˆX. Then S ν pl,xq » Spl, xq for any Stein open set U Q x and any ν P a´1 U p1q. 5.2. The proof of Theorem 1.2. For a point p " tl, l _ u P C, we denote by a p the gauge class of the flat SUp2q connection a l ' a l _ , where, for l P C, a l stands for the flat Up1q-connection associated with l. For p P A ε zC we put Spp, xq :" Spl, xq, where l is the representative of p of negative degree. Let ε ą 0 be sufficiently small such that the properties of Proposition 5.1 hold, and let U be an open neighbourhood of V ε in M si satisfying the properties of Corollary 4.11. Put
Recall that, by Proposition 2.6, the union M :"
pEq and is a topological 8-manifold. Define f : U Ñ M by
In the first two lines of the above formula we have used the Kobayashi-Hitchin identification M ASD a pEq˚» M st pEq " M st lf . Proposition 5.4. Let pX, gq be a class VII surface endowed with a Gauduchon metric. If ε and U are sufficiently small, the following holds:
(1) f is injective.
(2) f´1pM st pEq reg q " UzV 0 , and the map UzV 0 Ñ M st pEq reg induced by f is holomorphic. (3) f is continuous.
(1) We prove that (assuming ε and U sufficiently small) f is injective. The restrictions f U zVε , f Vε are obviously injective, so it suffices to prove that one has im`f U zVε q X im`f Vε˘" H. Since f pUzV ε q Ă U it suffices to prove that (assuming ε and U sufficiently small) one has
The set Y :" tpl, rFsq P Pic
is closed in Pic TˆU by Grauert's semicontinuity theorem. Let Pic T r0,εs Ă Pic T be the union of compact annuli defined by the condition 0 ď deg g plq ď ε. The projection Z :" p U`Y X pPic T r0,εsˆU qȋ s a compact subset of U which is disjoint from V ε , because (for sufficiently small ε ą 0) one has H 0 pL l b FpE p , x, ηqq " 0 for any pl, pq P Pic T r0,εsˆA ε and any admissible epimorphism η : E p pxq Ñ C. On the other hand one has obviously f pV ε q Ă Z, hence, replacing U by UzZ if necessary, formula p26q will hold.
(2) The equality f´1pM st pEq reg q " UzV 0 is obvious taking into account the definition of f and the way in which ε and U have been chosen. We prove that the map UzV 0 Ñ M st pEq reg induced by f is holomorphic. The holomorphy on UzV ε is obvious. It remains to show that f is holomorphic at any point rFpp 0 , x 0 , η 0 qs P V ε zV 0 . Using Proposition 4.2 (2) we can find an open neighbourhood N of pp 0 , x 0 q in pA ε zCqˆX and an open embedding θ : NˆD Ñ U such that θpp, x, 0q " V ε pp, xq for any pp, xq P N , where D is the unit disk. It suffices to prove that f˝θ is holomorphic on NˆD or, equivalently, that f˝θ is separately holomorphic.
The holomorphy in the N direction is obvious. For the holomorphy in the Ddirection we proceed as follows. Fix pp, xq P N . The map θpp, x,¨q : D Ñ U is defined by a sheaf F on DˆX, flat over D with an identification F 0 " Fpp, x, ηq. Let l be the representative of p of negative degree, and r l,x,η : Fpp, x, ηq " F 0 Ñ L l the corresponding destabilising epimorphism. The elementary transformation of the pair pF, r l,x,η q is a sheaf F 1 on DˆX, flat over D, with F 1 z " F z for z ‰ 0 and whose restriction to t0uˆX fits into a short exact sequence
(see Section 6.1.2). Using Corollary 6.7 it follows that the extension class associated to this exact sequence is non-trivial, hence F 1 0 » Spp, xq. On the other hand, since F 1 is flat over D, this proves that pf˝θqpp, x,¨q : D Ñ U is holomorphic on D.
(3) Using (2) it follows that f is continuous on UzV 0 . The critical continuity at the points of V 0 follows using the continuity theorem [BTT] as follows. Let prF n sq n be a sequence in U with lim nÑ8 rF n s " rF 8 s " V ε pp 8 , xq P V 0 . We have to prove that lim nÑ8 f prF n sq " pra p8 s, xq.
Using a standard argument, we can reduce the problem to three separate cases: 1. prF n sq n is a sequence of V 0 . 2. prF n sq n is a sequence of V ε zV 0 . 3. prF n sq n is a sequence of UzV ε . In first case the claim (27) follows easily using the fact the map V ε is homeomorphism on its image (see Proposition 4.2). In the second case one applies the continuity theorem to a family of Serre extensions S ν associated with a Stein open set U Q x and a lift ν P a´1 U p1q (see Section 5.1). In the third case one applies the continuity theorem [BTT] to a versal deformation of the simple, torsion-free sheaf Fpp 8 , x, ηq, where η : E p8 Ñ C is an admissible epimorphism. Theorem 1.2 stated in Section 1.2 follows now directly from the gluing Lemma 6.16. 5.3. The proof of Theorem 1.3. Let X be a complex surface, E be a holomorphic bundle on X, π : PpEq Ñ X be the projectivisation of E, L Ă π˚pEq be the tautological line bundle on PpEq, and M the quotient π˚pEq{L. On the product PpEqˆX consider the bundles
Let Z Ă PpEqˆX be the graph of π, and note that, via the obvious isomorphism Z » PpEq the restrictions E Z , L Z , M Z are identified with π˚pEq, L and M respectively. Therefore one obtains a short exact sequence
Letμ be the composition E Ñ E Z μ Ñ M Z , and put F :" kerpμq. For a point x P X and a line y P PpEpxqq put q y :" Epxq{y, and let η y : Epxq Ñ q y be the canonical epimorphism. The sheaf F y on X given by the restriction F tyuˆX fits into the exact sequence
whereη y is induced by η y . As in the proof of Proposition 4.2 we obtain for any y P PpEq a canonical exact sequence
Lemma 5.5. For any x P X and y P PpEpxqq one has (1) Ext k pF y , F y q " 0 @k ě 2 .
(2) A canonical isomorphism
Proof. The first claim follows as in the proof of Proposition 4.2; (2) follows directly from (28) taking into account that E is locally free, and (3) follows from (29) taking into account that H k pO txu q " 0 for k ą 0. For (4) use (2), the exact sequence
and the canonical isomorphisms (see Section 6.3):
Lemma 5.6. If E is simple, then for any y P PpEq the sheaf F y is simple, and one has a canonical short exact sequence
If H 2 pEnd 0 pEqq " 0, then H 2 pEnd 0 pFqq " 0, and the local-global spectral sequence yields a canonical short exact sequence
Suppose now that E is simple and H i pEnd 0 pEqq " 0 for i P t1, 2u. Combining (31), (30) with Lemma 5.6, and putting Θ y :" m´1pT pxqq, we obtain two short exact sequences
The sheaf F is flat over PpEq, so it defines a holomorphic map Φ F : PpEq Ñ M si . Denote by T V PpEq the vertical tangent subbundle of the tangent bundle T PpEq . It is easy to see that Lemma 5.7. Suppose that E is simple and H i pEnd 0 pEqq " 0 for i P t1, 2u. Then Φ F takes values in M si reg , and for any y P PpEq the differential Φ 
This shows that
Proposition 5.8. Suppose that E is simple and H i pEnd 0 pEqq " 0 for i P t1, 2u. The map Φ F : PpEq Ñ M si is a codimension one holomorphic embedding whose normal line bundle N is isomorphic to π˚pK
We can now prove Theorem 1.3 stated in Section 1.2:
Proof. [BTT] for flat families gives a continuous map τ : U Ñ M ASD pEq which agrees with the Kobayashi-Hitchin correspondence on UzPpEq and with π on PpEq. Choose U Ť U such that U is a compact tubular neighbourhood of PpEq in U with smooth boundary B. By Proposition 2.8 we may identify an open neighbourhood of trAsuˆX with the cone bundle C ε X . Using the continuity of τ we may suppose (taking U sufficiently small) that τ pUq Ă C ε X . By Lemma 5.9 proved below (which is a special case of [To, Lemma 4.4] , the image W :" τ pUq is open in C ε X . Since τ pUq is compact, it is closed, so the obvious inclusion τ pUq Ă τ pUq " W is an equality.
By Proposition 5.8 the pair pU, π : PpEq Ñ Xq satisfies the hypothesis of [Fuj, Theorem 2 1 ], so there exists a normal complex space V with an embedding X ãÑ V, and a modification c : U Ñ V, such that the pair pV, cq is the blowing down of U along π. Moreover, by [Tom, Theorem 3.7] it follows that c coincides with the monoidal transformation of V with centre cpPpEqq " X. Put V :" cpUq. Since τ is constant on the fibres of c, it induces a continuous map V " cpUq Ñ W, which is obviously bijective. But V is compact and W is Hausdorff, so this map is a homeomorphism. Endowing W, which is an open neighbourhood of trAsuˆX in M ASD pEq, with the complex space structure induced from V via the homeomorphism V Ñ W, we obtain the desired normal complex space structure around trAsuˆX, and this structure obviously extends the natural complex space structure of M ASD pEq˚. The identification between the normal cone of X in V and the cone of degenerate elements in K _ X bS 2 pEq follows from the isomorphism N » π˚pK _ X qbO E p´2q given by Proposition 5.8 using [Ful, Section B.6 ].
The following result used in the proof is a special case of [To, Lemma 4.4] . We give a short proof for completeness. 6.1.1. Elementary transformations of coherent sheaves. Let Y be a complex manifold, and ξ : X ãÑ Y be the embedding map of an effective divisor X of Y . For a coherent sheaf S on Y we denote by S X the restriction ξ˚pSq, which is a coherent sheaf on X, and by S X the sheaf ξ˚ξ˚pSq " S{I X S, which is a torsion coherent sheaf on Y . Let p : F Ñ H be an epimorphism of coherent sheaves on Y , where H has the property I X H " 0 , i.e. H is isomorphic to the direct image of a coherent sheaf on X. Let p X : F X Ñ H be the morphism induced by p, and put
which proves that the image of F 
Note that
Denoting by pF 2 , p 2 q the elementary transformation of pF 1 , p 1 q one has
where for the last equality we have used the obvious inclusion I X F Ă F 1 . The epimorphism p 2 : F 2 Ñ H 2 is just the canonical epimorphism I X F Ñ I X F{I X F 1 . Using our assumption that X is a divisor in Y we obtain:
Therefore the kernel of the canonical epimorphism Ap´Xq Ñ I X A is T or 1 pA, O X q .
The exact sequence (33) can be continued to the left as follows
We thus obtain Proposition 6.3. With the notations and the assumptions above, suppose that T or 1 pF, O X q " 0, and let pF 1 , p 1 q be the elementary transformation of pF, pq . Then
One has a short exact sequence
where ρ identifies Hp´Xq with kerpp
The second elementary transformation pF 2 , p 2 : F 2 Ñ H 2 q can be identified with the pair pFp´Xq, p b id : Fp´Xq Ñ Hp´Xqq .
Supposing again T or 1 pF, O X q " 0, the short exact sequence of O 2X -modules
associated with the decomposition 2X " X`X gives a short exact sequence
of O 2X -modules. Let ε X pFq P Ext 1 O 2X pF X , F X p´Xqq be the extension class of (37), and let ε X pF, pq P Ext 1 O X pH 1 , Hp´Xqq be the extension class of (35). The two extensions can be compared using the morphisms
Recall that the functors Ext are contravariant with respect to the first, and covariant with respect to the second argument. For an element u P Ext A pM, N q and morphisms µ :
Theorem 6.4. Let p : F Ñ H be an epimorphism of coherent sheaves on Y where I X H " 0, and T or 1 pF, O X q " 0. With the notations above we have
where
is the natural transformation induced by the epimorphism π X :
Proof. Put r :" ι F X , q :" π F X to simplify the notation. Taking into account that j is a monomorphism, and p X b id is an epimorphism, it follows that pp X b idqpεpFqqj is the isomorphism class of the extension corresponding to the upper line in the diagram 0 0
, where the morphismsr,q are induced by r and q respectively. The morphism i X : F 1 X Ñ F X is induced by the inclusion i : F 1 ãÑ F. The right-hand vertical exact sequence in the diagram and the exact sequence
On the other hand, the definition of r and the left-hand vertical exact sequence give
Using (39), (40) we get an obvious isomorphism of O 2X -modules.
It is easy to check that ρ, p 1 X correspond tor,q via this isomorphism.
Denote by o o o the double origin in C, regarded as a non-reduced complex space.
Remark 6.5. The extension (36) has a right splitting which is multiplicative (makes O X X X a sheaf of O X -algebras) if and only if the embedding X ãÑ X X X of X in its second order infinitesimal neighbourhood X X X has a left inverse. Equivalently, this means that X X X has the structure of an o o o-fibre bundle over X such that X ãÑ X X X becomes a section in this bundle.
Corollary 6.6. Let p : F Ñ H be an epimorphism of coherent sheaves on Y where I X H " 0, and T or 1 pF, O X q " 0. Let σ : O X Ñ O 2X be a multiplicative right splitting of (36), and ε σ X pFq P Ext 1 O X pF X , F X p´Xqq be the extension class of (36), regarded as an extension of O X -modules via σ. Then
Proof. We apply the natural transformation A σ in (38) taking into account that A σ˝Aπ X " id, ε σ X pFq " A σ pε X pFqq, and that p X b id, j are morphisms of O Xmodules.
6.1.2. Elementary transformations of sheaf deformations. Suppose now that Y " DˆX, where X is a compact complex manifold, and D Ă C is the standard disk. We will identify X with the fibre X 0 " t0uˆX over the origin 0 P D. Let V be a coherent sheaf on X, and F be a coherent sheaf on Y , flat over D, endowed with a fixed isomorphism F X " V. In other words F is a deformation of V parameterised by D. The corresponding infinitesimal deformation is an element B Bz pFq P Ext 1 pV, Vq . On X we fix a short exact sequence
where T 1 :" kerpp 0 q and j 0 : T 1 ãÑ V is the inclusion morphism. We denote by T Y , T 1Y the direct images of T , T to Y , and by p : F Ñ T Y the epimorphism induced by p 0 . Taking into account that in this special situation O X p´Xq is trivial on X, Proposition 6.3 shows that the elementary transformation of the pair pF, pq gives a subsheaf F 1 Ă F, which comes with a short exact sequence
Restricting to X we obtain a short exact sequence
whose extension class is an element εpF, p 0 q P Ext 1 pT 1 , T q. The following result shows that the extension class εpF, p 0 q can be computed explicitly in terms of the infinitesimal deformation B Bz pFq . Put D˚:" Dzt0u.
Corollary 6.7. With the notations and under the assumptions above one has
(1) The elementary transformation F 1 :" kerppq is flat over D, hence it is a deformation of V 1 parameterised by D, which coincides with F on D˚ˆX.
Proof. For (1) note that the stalks O D,z are principal ideal domains, hence flatness over D is equivalent to torsion-freeness as sheaf of O D -modules. It suffices to note that F 1 is a subsheaf of F.
(2) follows directly from Corollary 6.6, taking into account that, by definition,
B Bz
pFq is just the isomorphism class of the canonical extension
where F 2X is regarded as a sheaf of O X -modules via the obvious multiplicative splitting σ :
6.2. The push-forward of a family under a branched double cover. Let π : B Ñ B be a branched double covering of Riemann surfaces, b P B be a ramification point, b " πpbq be the corresponding branch point. Let z, z be local coordinates of B, B around b, b such that zpbq " zpbq " 0, z˝π " z 2 and let v P T b pBq, v P T b pBq be tangent vectors such that dzpvq " dzpvq " 1.
Proposition 6.8. Let X be a compact complex manifold, V be a sheaf on BˆX, flat over B, and put E :" pπˆid X q˚pV q.
" E tbuˆX (regarded as sheaves on X) corresponding to pv, V q, pv, E q respectively. Then
(1) E b fits in an exact sequence
whose extension class is v pV q. (2) One has v pV q " R` v pE q˘J z .
Proof. (1) Denote by b b b Ă B, X X X Ă BˆX the non-reduced complex subspaces associated with the effective divisors 2tbu, 2ptbuˆXq respectively. One has obviously X X X " b b bˆX " pπˆid X q´1ptbuˆXq .
Identify X with the divisor tbuˆX of BˆX to save on notations. Multiplication with z defines a sheaf monomorphism j z : O X Ñ O X X X , and a short exact sequence
on BˆX. Taking tensor product with V and taking into account the flatness of V over B, we get a short exact sequence
By definition, v pV q is the extension class of (43) when V X X X is regarded as an O Xmodule via the projection Q : X X X " b b bˆX Ñ X. On the other hand, since πˆid X is a finite map, pπˆid X q˚pV q commutes with base change, hence
It suffices to note that the sheaf Q˚pV X X X q coincides with V X X X itself regarded as an O X -module, via the ring sheaf morphism O X Ñ O X X X induced by Q .
(2) Denote by X the complex subspace of BˆX corresponding to the effective divisor 4X. The infinitesimal deformation v pE q is the extension class of the lower line in the diagram below, where V X X X , V X are regarded as O X -modules via the obvious projections X X X Ñ X, X Ñ X. As in the proof of Theorem 6.4 we see that R` v pE q˘J z P Ext 1 pV b , V b q is the extension class of the upper line in the diagram below, whereJ z 2 ,R are induced by J z 2 , R respectively. On the other hand one has
Using again the flatness of V over B it follows that the morphism
given by multiplication with z is an isomorphism. It suffices to note that the upper triangles are commutative.
6.3. Extensions and families of ideal sheaves. Let A be a commutative ring, and M , N be A-modules. A free resolution¨¨Ñ
corresponding to the extension pa, bq is given by the formula
where s : F 0 Ñ EˆN F 0 is a right splitting of the pull-back extension
Let X be a complex manifold, S Ă X be a codimension 2 locally complete intersection, and I S be the ideal sheaf of S. Fix x P S and a system pξ 1 , ξ 2 q P O '2 x of local equations of S. The Koszul resolution of I S,x associated with pξ 0 , ξ 1 q reads
where the morphisms δ 1 , q are defined by
Using this resolution we get, for any coherent sheaf M on X, an isomorphism
The isomorphisms a M ξ1,ξ2 associated with local equation systems pξ 1 , ξ 2 q give a canonical, global identification [Ha, Proposition 7.2, p. 179] 
be an extension of M by I S , εpa, bq P Ext 1 pI S , Mq be the corresponding extension class, andεpa, bq P H 0 pExt 1 pI S , Mqq " H 0 pω S{X b O X Mq be its image via the canonical morphism. Formula (44) gives for a local equation system pξ 1 , ξ 2 q of S at x P X: xεpa, bq, dξ 1^d ξ 2 y " a´1 x p´ξ 2 η 1`ξ1 η 2 q`I S,x M x ,
where η 1 , η 2 P E x are lifts of ξ 1 , ξ 2 via b.
Proposition 6.9. Let X be a complex surface, T be its tangent sheaf, and x 0 P X. Then
(1) One has natural isomorphisms
(2) Let D Ă C be the standard disk, ϕ : D Ñ X be a holomorphic map with ϕp0q " x 0 , and Φ Ă DˆX be its graph. Then (a) I Φ is flat over D, 
(1) Using (45) we get a canonical isomorphism
where the isomorphism T px 0 q Ñ Hom`Ω 2 px 0 q, Ω 1 px 0 q˘is given by xv, α 1^α2 y " α 1 pvqα 2´α2 pvqα 1 .
(2) Assertion (a) is clear. Identify X with the divisor t0uˆX of DˆX and denote by X X X the non-reduced complex subspace corresponding to the effective divisor 2X. The infinitesimal deformation :" B Bz p0q pI Φ q is the extension class of the extension 0 Ñ tI Φ u X á Ñ tI Φ u X X X b Ñ tI Φ u X Ñ 0 , where tI Φ u X X X is regarded as an O X -module via the obvious morphism O X Ñ O X X X . Let pζ 1 , ζ 2 q be a chart of X around x 0 with ζ i px 0 q " 0. Put ϕ i pzq " ζ i pϕpzqq. Putting η i pz, xq " ζ i pxq´ϕ i pzq, the pair pη 1 , η 2 q is a system of local equations of Φ around p0, x 0 q, and the corresponding elementsη i P tI Φ u X X X,p0,x0q are lifts of ζ i via b. Putting ψ i :" 1 z ϕ i and using (46) we get x˜ B Bz p0q pI Φ q, dζ 1^d ζ 2 y " a´1`´ζ 2η1`ζ1η2˘`I 2 x0 " 1 z`´ζ 2 η 1`ζ1 η 2˘`I 2 x0
" ζ 2 ψ 1´ζ1 ψ 2`I 2 x0 " dζ 1 pϕ 1 p0qqdζ 2´d ζ 2 pϕ 1 p0qqdζ 1 " xϕ 1 p0q, dζ 1^d ζ 2 y .
6.4.
Compact subsets of the moduli space of simple sheaves. Let f : X Ñ S be a proper morphism of complex spaces, and A, B be coherent sheaves on X such that A is flat over S. We denote by An S the category of complex spaces over S, and by H :" HompA, Bq the functor An S Ñ sets given by
HpT q :" Hom X T pA T , B T q , where X T :" TˆS X , and A T , B T are the inverse image of A, B via the projection X T Ñ X . A fundamental result of Flenner [Fl, Section 3.2] states that H is represented by a linear space over S. In other words, there exists a coherent sheaf H on S and, for any complex space T Ñ S over S, a functorial bijection between Hom X T pA T , B T q and the set of holomorphic maps T Ñ VpHq over S, where VpHq denotes the linear space associated with H [Fi, Section 1.6]. Using this result and the isomorphisms VpHq s » Hpsq _ [Fi, Section 1.8], one obtains ts P S| HompA s , B s q ‰ 0u " supppVpHqq " supppHq ,
where A s , B s denote the restrictions of A, B to the fibre X s :" f´1psq. This proves the following semi-continuity result:
Proposition 6.10. [Fl] The set ts P S| HompA s , B s q ‰ 0u is Zariski closed in S.
Note that this statement is not a consequence of Grauert's semi-continuity theorem. Let X be a compact complex space, and M si be the moduli space of simple sheaves on X. Recall that M si is a (possibly non-Hausdorff) complex space. For the following corollary see also [KO] :
Corollary 6.11. Let prF 1 s, rF 2 sq P M siˆMsi be a non-separable pair. Then HompF 1 , F 2 q ‰ 0, HompF 2 , F 1 q ‰ 0 .
Proof. For i P t1, 2u let pU i , p i q be pointed Hausdorff complex spaces and F i be a sheaf on U iˆX , flat over U i , such that F i tpiuˆX » F i and the map U i Ñ M si induced by F i is an open embedding. Taking pull-backs we obtain sheaves A i over pU 1ˆU2 qˆX which are flat over U 1ˆU2 . Since prF 1 s, rF 2 sq is a nonseparable pair, for any open neighbourhood W of pp 1 , p 2 q in U 1ˆU2 , there exists pu 1 , u 2 q P W such that F 1 tu1uˆX » F 2 tu2uˆX (regarded as sheaves on X). Since A i tpu1,u2quˆX " F i tuiuˆX , the claim follows now from Proposition 6.10.
Proposition 6.12. Let N Ă M si be a compact, locally closed subset, such that for any pair prF 1 s, rF 2 sq P NˆN with rF 1 s ‰ rF 2 s one has HompF 1 , F 2 q " 0, or HompF 2 , F 1 q " 0. Then N has an open Hausdorff neighbourhood.
This follows from Corollary 6.11 and Proposition 6.15 explained below, which is a general existence criterion for Hausdorff open neighbourhoods of compact subspaces in locally compact spaces. Let X be a topological space. A subset A Ă X will be called separated in X if any two distinct points of A can be separated by disjoint neighbourhoods in X. For a point x P X we will denote by V x the set of open neighbourhoods of x, and we put M x :" ty P X| @U P V x @V P V y , U X V ‰ Huztxu , and, for a set L Ă X, we put M L :" Ť xPL M x . We adopt Bourbaki's definition of compactness, so compactness requires separateness.
Lemma 6.13. Let X be locally Hausdorff topological space, and L Ă X be a compact subspace, which is separated in X.
(1) Let y P L and V be a separated open neighbourhood of y in X. Since L is separated in X, the point y can be separated in X from any point of LzV . Using the compactness of LzV , it follows that there exist open neighbourhoods W of y and U of LzV with W X U " H. We may assume W Ă V . If, by reductio ad absurdum, y belonged toM L , there would exist x P L such that W X M x ‰ H. The point x cannot belong to V , because V is separated and W Ă V ; it cannot belong to LzV either, because in this case, for any point z P W the pair pz, xq will be separated by the pair of open sets pW, U q .
(2) Suppose, by reductio ad absurdum, that there exists y PM L zM L . Using (1) we obtain y R L Y M L , so for every x P L there exists V x P V x and V x y P V y such that V x X V x y " H. Let tx 1 , . . . , x k u be a finite subset of L such that L Ă Ť k i"1 V xi , and put V y :" Ş k i"1 V xi y . Thus V xi X V y " H for 1 ď i ď k. Since y PM L , there exists x P L and p P V y X M x . Choosing i P t1, . . . , ku such that x P V xi , we see that the pair px, pq is separated in X by the pair of open sets pV xi , V y q, which contradicts p P M x . Lemma 6.13 shows that Corollary 6.14. In the conditions of Lemma 6.13, the set S L :" XzM L is an open neighbourhood of L, and any pair px, yq P LˆS L with x ‰ y can be separated in X by open sets.
With this preparation we can prove Proposition 6.15. Let X be a topological space with the property that any point has a fundamental system of compact neighbourhoods. Let L Ă X be a compact subspace, which is separated in X. Then L admits a Hausdorff open neighbourhood in X.
Proof. For each x P L let C x be a compact (hence Hausdorff) neighbourhood of x, and K x be a compact neighbourhood of x which is contained in S L XC x . Note that, for every x P L, the union L Y K x is compact and separated in X, so Corollary 6.14 applies to this set. Let tx 1 , . . . , x k u be a finite subset of L such that L Ă Ť k i"1K xi . The set
s an open neighbourhood of L. Moreover one has VˆV Ă Ť k i"1 pK xiˆSLYKx i q, so any pair pu, vq P VˆV can be separated in X by open sets.
6.5. The gluing lemma. In many interesting gauge theoretical problems one obtains a moduli space which is a topological manifold, and contains a distinguished open set naturally endowed with a holomorphic structure. A natural question asks if this holomorphic structure extends to the whole moduli space. The following result gives a useful tool for dealing with this question:
Lemma 6.16. Let X be a topological 2n-dimensional manifold, and Y Ă X be an open subset endowed with a complex manifold structure. Let U be an n-dimensional complex manifold, and let f : U Ñ X be a map with the properties: 1. f is continuous and injective, 2. X zY Ă impf q , 3. The restriction f f´1pYq : f´1pYq Ñ Y is holomorphic. Then
(1) impf q is an open neighbourhood of X zY in X , and f induces a homeomorphism U Ñ impf q. (2) f induces a biholomorphism f´1pYq Ñ impf q X Y with respect to the holomorphic structures induced by the open embeddings f´1pYq Ă U, impf q X Y Ă Y. (3) There exists a unique complex manifold structure on X which extends the fixed complex structure on Y, and such that f becomes biholomorphic on its image.
(1) follows from the invariance of domain theorem. For (2) note that f f´1pYq : f´1pYq Ñ Y is an injective holomorphic map between smooth complex manifolds of the same dimension, hence it induces a biholomorphism f´1pYq Ñ f pf´1pYqq .
But f pf´1pYqq " impf q X Y. The existence statement in (3) is proved as follows. Let A be a holomorphic atlas of Y and B a holomorphic atlas of U. Using (2) it is easy to see that the unioñ
is a holomorphic atlas on X. The unicity in (3) follows noting that any chart χ PÃ is holomorphic with a holomorphic structure on X satisfying the two conditions in (3).
